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Opgave:

Fra trigonometriens overdrev!

a. Bestem de gradtal x i [0°;360°], for hvilke
tanx = tan(x + 10°) - tan(x + 20°)- tan(x + 30°) .

b. Bestem de gradtal x i [0°;360°], for hvilke
tanx = tan2x- tan3x- tan4x .

. sin50° _ sin70° _sin10° _
c. Vis, at sin70°  sin10°  sin50° 0

d. Vis, at €0s84° = 4sin24°-cos72°-cos78° .

e. Vis, at 1 tan 40°+ tan10°+ 3M10° _ 1440600
sin 40°

Besvarelse:

a. Bestem de gradtal x i [0°;360°], for hvilke

tanx = tan(x + 10°) - tan(x + 20°) - tan(x + 30°) .
1. metode.
Vi omformer ligningen til

tanx- cot(x + 30°) = tan(x + 10°)-tan(x + 20°)

sin x-cos(x+30°) _ sin(x+10°)-sin(x +20°)
cos x-sin(x+30°)  cos(x+10°)-cos(x + 20°)

sin(2x +30°) —sin 30° _ c0s10°—cos(2x +30°)

sin(2x+30°) +sin30°  co0s10°+ cos(2x + 30°)

< (sin(2x+30°) —4)-(cos10°+cos(2x+30°))
=(sin(2x+30°) +$)-(c0s10° - cos(2x +30°))
& 2-sin(2x + 30°)- cos(2x + 30°) = cos10°

< sin(4x +60°) =sin80° .
Dette giver
4x + 60°=80°+p-360° v  4x+60°=100°+p-360°
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< x=5°+p-90° v x=10°+p-90°.
| intervallet [0°;360°] er lgsningerne
x: 5°, 10°, 95°, 100° , 185° , 190° , 275° , 280°,

sa vi fx far formlerne
tan5° = tan15° - tan25° - tan35°

tan10° = tan20°-tan30° - tan40°
tan95° = tan105°-tan115°-tan125° <« tan85° =tan55°-tan65°-tan75°.

2. metode (Jens Sgren Andersen).
Vi viser farst et par formler for sin3x, cos3x og tan3x.

Vi far
4.-sinx-sin(60° - x) - sin(60° + X)
= 2sinx- [cos(60° + x - (60° - X)) - cos(60° + x - (60° - X))]
= 2sinx- (cos2x - c0s120°) = 2sinx- cos2x + sinx
=2sinx- (1 - 2sin?X) + sinx = 3sinx - 4sin®x = sin3x .
Dernzst er

4-cosx-cos(60° - x) - cos(60° + X)
= 2cosx- [cos(60° + x - (60° - x)) + cos(60° + x - (60° - X))]
= 2c0sX - (c0s2X + €05120°) = 2C0SX - COS2X - COSX
= 2c0SX - (2c08%X - 1) - COSX = 4C0S°X - 3COSX = COS3X .
Endelig far vi

sin3x _ 4-sin x-sin(60° — x) - sin(60° + x)

_— . o —_— . o
cos3x  4-cos x-cos(60°— x)-cos(60°+Xx) tan x-tan(60° - x)-tan(60°+x) .

tan3x =

Dermed har vi

1 _ 1 _ Q)
tan3x  tan x-tan(60° — x) - tan(60° + X)
Nu er
_ 1

N X = n@0°—x)

sa
tan(60°—x) = 1 og tan(60°+x) = 1
tan(30° + x) tan(30° — x)
Altsa er (1) ensbetydende med
1 _ 1. tan(30° + x) - tan(30° — x)
tan3x tanx

& tan x =tan 3x-tan(30° —x) - tan(30° + x) .
Ligningen i opgaven bliver sa ensbetydende med
tan3x-tan(30° - x) -tan(30° + x) = tan(x + 10°) - tan(x + 20°) - tan(x + 30°)
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< tan3x-tan(30° - x) = tan(x + 10°) - tan(x + 20°) .

Vi ser ved indseattelse, at x = 5° og x = 10° er lgsninger.

Nu benytter vi, at
o 1
tan(x+90°) = anx
sa vi far
tanx = tan(x + 10°) - tan(x + 20°) - tan(x + 30°)

1 _ 1 ‘ 1 ' 1
—tanx —tan(x+10°) —tan(x+20°) —tan(x+30°)

< tan(x +90°) =tan((x + 90°) + 10°)-tan((x + 90°) + 20°) - tan((x + 90°) + 30°)

Dermed har vi, at X er en lgsning til den givne ligning netop hvis x + 90° er en lgsning. Derfor har vi
nu lgsningerne

Xx=5°+p-90° , x=10°+p-90° , p=90,1,2,3.
Specielt har vi de fire lgsninger 5°, 10°, 95°, 100° i intervallet [0°;180°], og hvis vi kan vise, at der
ikke kan vaere flere lgsninger i dette interval, har vi samtidig fundet alle Is- ninger i [0°;360°].
Vi setter for nemheds skyld z = tanx. Additionsformlerne for tan giver, at ligningen er
ensbetydende med

__z+tanl0® z+tan20° z+tan30°
1-z-tan10° 1-z-tan20° 1-z-tan30° "

Dette er en ligning ag 4. grad i z, sa den har hgjst 4 lgsninger. Da funktionen tanx er in- jektiv i
[0°;180°] (bortset fra 90°) har vores ligning hgjst 4 lgsninger i intervallet som gnsket.
Samtlige lgsninger er dermed

x:5°, 10°, 95°, 100° , 185° , 190° , 275° , 280°.

3. metode (Klaus Griinbaum).
Ved at sette y = x + 20° kan ligningen omskrives saledes:

tan(y - 20°) = tan(y - 10°) - tany - tan(y + 10°)

&< tan(y - 20°) =tan(y - 10°)- ) -tan(y + 10°)

1
tan(90° -y
< (tan(y - 20°)-tan(90° - y) = tan(y - 10°)-tan(y + 10°)
sin(y —20°)-sin(90°—y) _ sin(y —10°)-sin(y +10°)
cos(y —20°)-cos(90° —y)  cos(y —10°)-cos(y +10°)
1 (cos(2y —110°) —cos 70°) _ 3 (cos(-20°) —cos 2y)

1 (cos(2y —110°) +cos70°) % (cos(-20°) +cos 2y)

cos(2y —110°) —sin 20° _ cos 20°—cos2y
cos(2y —110°) +sin20°  c0s20° +cos2y

< (cos(2y - 110°) - sin20°) - (cos20° + cos2y)
= (cos(2y - 110°) + sin20°) - (cos20° - cos2y)
< €0s(2y - 110°) - cos2y - sin20°- c0s20° = - cos(2y - 110°)- cos2y + sin20° - cos20°
& -2sin20°-c0s20° + 2 cos(2y - 110°)- cos2y =0
< 2c0s(2y - 110°)- cos2y = 2sin20° - cos20°
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< €0s(-110°) + cos(4y - 110°) = sin40°
< cos(4y - 110°) =sin40° + cos70°
< cos(4y - 110°) = cosb0° - cos110°
< cos(4y - 110°) =-2-sin80° - sin(-30°)
< cos(4y - 110°) =cos10° <« 4y-110°= +10° +p-360°
&< 4x+80°-110°= +10° + p-360°
< 4x-30°= £10°+ p-360°

40°+ p-360° 10°+ p-90°
10°+ p-360° 594+ p-90°

b. Bestem de gradtal x i [0°;360°], for hvilke
tanx = tan2x- tan3x- tan4x .

1. metode.
Vi har, at
eV=cosv+isinv , e"V=cosv-isinv
sa
eV-eV=2i.sinv , eV+e™=2cosv

Division giver

e —e -1V

i-tanv=—

eV te

Ligningen far dermed udseendet
eiv _ e—iv e2iv _ e—2iv e3iv _ e—Siv e4iv _ e41iv

i‘(eiv +e—iv) I (e2|v 2|v) I (e3|v +e 3|v) i‘(e4iv +e—4iv) )

For overskueligheds skyld satter vi k = e" og far

kK2-1_ K +DkK’-1) k°-1 (k4—1)(k4+1)
k% +1 k*+1 k6+1 k® +1

Ved flittig brug af algebra reduceres denne ligning til

K4+ k2-k-K+k+1=0 < Kk¥PK+1)-kK*+1)+(K>*+1)=0
o (K+DK2-K+1)=0 < k=i v k°= 1*'“/_

vzli'i\/g

o eV=iveV=—v e 5

De to farste ligninger har Igsningerne
v=90°+p-360° og v=-90°+p-360°
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som forkastes, da tanv ikke er defineret for disse veerdier.
Den sidste ligning har lgsningerne

6v=+60°tp-360° < v=+10°+tp-60°.
sa de spidse vinkler er 10°, 50° og 70°. Vi har altsg, at
tan10° = tan20° - tan30° - tan40°
tan50° = tan100° - tan150°-tan200° <« tan50° = tan20°-tan30° - tan80°
tan70° = tan140°-tan210°-tan280° <« tan70° = tan30°-tan40°-tan80°

2. metode (Jens Sgren Andersen).

Hvis x er en lgsning er ogsa -x en lgsning. Af periodiciteten af tanx fremgar, at x er en lgsning netop

hvis x + 180° er en lgsning. Desuden er x = 0° en lgsning. Af opgave a ses, at x = 10° er en lgsning.
Vi omskriver fra opgave a saledes:

tan10° = tan20° - tan30° - tan40°

1 = 1 (- oy . o
< tan40°  —tan10° (—tan30°)-tan 20

< tan50° = tan(-80°) - tan150° - tan200°
&< tan50° = tan(100°) - tan150° - tan200° .

Altsa er x = 50° en lgsning til ligningen. Vi kan ogsa omskrive sadan:

o — o o o 1 _ l . o.(_ fe)
tan10° = tan20°-tan30°- tan40° < A 20° ~ —tanio® tan 30°- (—tan 40°)

< tan70° = tan280°-tan210°-tan140° <« tan70° =tan140°-tan210°-tan280° .

Altsa er x = 70° en lgsning til ligningen.
| intervallet ]-90°;90°[ har vi nu fundet de 7 lgsninger

x : 0°,£10°, £50°, £70° .
Nu far vi fra en velassorteret formelsamling at

tan x(1— tan” x)
1-6tan®x+tan* x '’

3
tan2x = 20X ggp3x = Stanx-tan x

, tandx =
1—tan®x 1-3tan® x

0g seetter vi z = tanx far vi

3 2
tanx = tan2x-tan3x-tandx << z= 222-32_22- 42(122 )4
1-z° 1-3z° 1-6z°+z2

< (1-329)(1-622+7%=82(3z-2 .

Denne ligning er f 6. grad og har hgjst 6 lgsninger. Tangens er injektiv i intervallet
]-90°;90°[, sa den oprindelige ligning har hgjst 6 lgsninger forskellige fra 0°. Disse lgs- ninger har
vi allerede fundet. Ved brug af periodiciteten kan alle lgsninger skrives:
x : 0°,10° ,50°, 70°, -70°+ 180° , -50° + 180° ,
-10° + 180° , 180° , 10° +180° , 50° + 180° ,
70° +180° , 110° +180° , 170° +180° , 360°

eller
x : 0°,10°,50° ,70°, 110°, 130°, 170°, 180° ,

190°, 230° , 250° , 290°, 350° , 360° .
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3. metode (Palle Bak Petersen).
Vi ma forudsztte, at

X #90°+p-180° , x #45°+p-90° , x #30°+p-60° , X #22,5° + p-45°.

Vi omskriver ligningen saledes:

sinx _ sin2x sin3x sin4x
COSX COS2X COS3X COS4X

< SIiNX-C0S2X-c0S3X-Cc0S4X =Cc0os X-Sin2X-sin3x-sin4x

< (sin X-cos4x) - (cos2X-cos3xX) = (cos X -Sin4x) - (sin 2x -sin 3x)

< $(sin(—3x) +sin5x) - 3 (cos(—x) +cos5x) = 3 (sin 3x+sin 5x) -  (cos(—x) — cos 5x)

< (Sinbx - sin3x)(cosx + cos5x) = (Sin3x + sin5x)(cosx - cos5X)
< sin5x- Cosx + Sin5x- cos5x - Sin3X- COSX - SiN3X - COS5X
= SiN3x- COSX - SiN3x- COS5X + SiN5X- COSX - COS5X - SiN5X
< 2sin5x-cos5x = 2sin3x-cosx <> sinl0x = sin2x + sin4dx
< sindx=sinl0x - sin2x < sindx = 2c0os6x- sin4x
< sindx-(1-2c0s6x) < sindx=0 v cosbx = 1 .
Den farste ligning har lgsningerne
4x=0°+p-180° < x=0°+p-45°.
Her er kun 0°, 180° og 360° lgsninger.
Den anden ligning giver
6x =60° +p-360° v 6x=300°+p-360°
< x=10°+p-60° v x=50°+p-60°.
Lasningerne er i alt:
x: 0°,10°,50°, 70°, 110°, 130°, 170°, 180°,
190°, 230°, 250°, 290°, 310°, 350°, 360° .

4. metode (Klaus Grinbaum).
Med passende forudseetninger omskrives ligningen til

sinx _ sin2x sin3x sin4x
COSX COS2X CO0S3X COS4x

<> SinX-C0S2X-C0s3X-CoS4X = oS X-Sin2x-sin3X-sin4x . 1)
Nu er
sin3x = sinx(3 - 4 sinx) , cos3x = cosx(1 - 4 sin’x) ,
cos4x =1 - 8sin?x + 8sin®x .
Sa er ligningen (1) ensbetydende med
sinx- cos2x- cosx- (1 - 4sin®x)- ( 1 - 8sin?x + 8sin*x)
= COSX - 28iNX - COSX - SinX - (3 - 4sin?x) - 2sin2x - COS2X
< (1-4sin®)- (1 - 8sin® + 8sin®x) = 4cosx- sinx- (3 - 4sinx) - 2sinx- COSX <
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& (1-4sin®)- (1 - 8sin® + 8sin®x) = 8cos?x - sin?x- (3 - 4sin’x) .
Vi sztter for nemheds skyld y = sin®x og fér ligningen
(1-4y)-(1-8y+8y?)=8(1-y)-y-(3-4y)
& 64y -96y?+36y-1=0 < 4dy(16y?-24y+9)=1
& 4y(B-4y)P’=1 < 4sin®-(3-4sinx)?=1

& 4sin?3x=1 & sin3x:4_r%

& 3X=x30°+p-180° <« 3x= x10°+ p-60°

sin50° | sin70° _sin10° _
sin70°  sin10° sin50°

c. Vis, at

1. metode.
Vi omskriver venstre side til

t _ sin®50°-sin10° +sin” 70°-sin 50° — sin*10°-sin 70°
n sin10°-sin50°-sin 70° '

Vi udregner fgrst naevneren ved falgende omskrivning:
2n-c0s10° = 2sin10°-c0s10°-sin50°-sin 70° = sin 20°-sin 50°-sin 70°
=sin20°-sin50°-c0s 20° = 1sin40°-sin50° =4sin40°-c0s40° = £sin80° =2 cos10° .
Altsa er
2n-cos10°=+cos10° < n=3i.
For at udregne teelleren benytter vi formlerne
sinx-siny = 3 (Cos(X - y) - cos(x +y))
sinx- cosy = 3 (sin(x +y) + sin(x - y)) ,
og far
t =sin50°- (4 (cos 40°—c0s 60°) ) +sin 70°- (3 (cos 20° —c0s120°) )
- 5in10°-($ (cos 60°—c0s80°))
=35sin50°-(c0s40°—4)+4sin 70°- (c0s 20° + 4 ) — $sin10°- ( —c0s80°)
= $sin50°-cos40°—£sin50°+ 1 sin 70°- cos 20° + £ sin 70°
+4sin10°-cos80°—4£sin10°
=1(4(sin90°+sin10°))—4sin50°+ £ (4 (sin90° +sin50°))
+45in70°—4sin10°+4(4(sin 90°+5sin(-70°)))
=2+1sin10°—1sin50°+ % +£sin50°+ £ sin 70°—4sin10°+ 4 — sin 70°

1
4
3
7 -
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3
Dermed er 1_4_¢
n =
8
2. metode (Klaus Griinbaum).
I ligningen
sin50° | sin70° sin10° _
Sin70° | sin10° sin50° (1)
seetter vi x = 20°. Sa fas
c0s50° | cos70°  cos10°® _ COS2X , COSX _ COS4X _
cos70°  cos10° cos40° COSX COS4X COS2X
& C0S%2X- COSAX + COS?X - COS2X - COSX - COS24X = 6- COSX - COS2X - COS4X . (2)

Nu er
cos3x = c0s60° = 3 , cos5x = c0s100° = -cos80° = -cos4X ,

cos6x = c0s120° =-1 | c0s8x = c0s160° = -c0s20° = -CosX ,
cos?4x = 1 (1 + cos8x) = 1 (1 - cosx) .
Dermed er (2) ensbetydende med
C0S2X - (C0S2X - C0S4X) + COSX - (COSX - C0S2X) — COSAX - (COSX - COS4X)
= 6COSX - (COS2X - C0S4X)
< €0S2X- 1 (cos(-2x) + cos6x) + cosX- 5 (cos(-X) + cos3X)
- 084X - 5 (cos(-3x) + cos5x) = 6cosx- 5 (cos(-2x) + cos6X)
& COS?2X + COS2X - COSBX + COS?X + COSX - COS3X — COS4X - COS3X — COS4X - COS5X
= BCOSX - C0S2X + 6COSX - COS6X
& C0S?2X - $cos2x + Cos?X + £ cosx - § cos4x + COS?4X = 6COSX - COS2X — 3COSX
< 1(1+cos4x) - 1 cos2x + cos® + § cosx - 1 cosdx + 1 (1 + cos8x)
= 6COSX - C0S2X — 3COSX
< 3+ 1cosdx - $cos2x + cos® + §cosx - $cosdx + $ - 1 cosx
= 6COSX - C0S2X — 3COSX
1 - 1 cos2x + cos?x = 6COSX - COS2X - 3COSX
1 - 1(2c0s?x - 1) + cos®x = 6¢C0sX - (2c0s?X - 1) - 3cosx

1-cos? + 1 + cos?x = 12cos®x - 6¢0sx - 3c0SX

8 ¢ ¢ ¢

3 =12cos® - 9cosx < 3 = 6(4cos®x - 3cosx)
< 1 =4cos®-3cosx < cos3x=3 < cos60°=1,

og dette er sandt. Derfor er (1) ogsa sand.
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d. Vis, at €0s84° = 4sin24°-cos72°-cos78° .
1. metode.
Vi omskriver venstre side:
v = €0s84° = c0s(120° - 36°) = c0s120°- c0s36° + sin120°-sin36°
=—1c0s36°+L£sin36°. (1)
Desuden er
2C0SX-COSy = COS(x -y) + cos(x +y) o0g  2sinx-cosy =sin(x -y) +sin(x +vy),
sa hgjre side omskrives til
h = 2sin24°-2c0s72°- cos78° = 2sin24° - (cos(-6°) + c0s150°)
= 2sin24° - (cos6° - @) = -/35in24° + 2sin24°- cos6°
= -/35in24° + 5in18° + sin30° = - /35in(60° - 36°) + sin18° + 1
= - J§(sin60° -€0s36° - c0s60° - sin36°) + sin18° + &
= —3¢0s36°+¥sin36°+sin18°+1 . 2)
Efter (1) og (2) skal vi vise, at
~100s36°+85in36° = —2c0s36°+Lsin36°+sin18°+1
som er ensbetydende med, at

c0s36° =sin18° + 1 . (3)
Nu er det kendt (1), at

c0s36° :J_STH og sinl8° :\/_57_1 ,

hvoraf (3) fremgar.

2. metode (Jens Sgren Andersen).

Vi omskriver formlen séledes:

€0S84° = 4.sin24°-¢c0s72°-c0s78° < sin6°=4-sin24°-cos72°-sinl12°
< SiNG° =4-sin24°.¢c0s72°-2-sin6°-cos6° <  8-sin24°-c0s72°-c0s6° =1 .
Vi minder om det gyldne snits tal
® = # _

Det er kendt (1), at

1 1 5-1

Co0S72°=—= ===

Der geelder, at

1

®°=d+1 og dermed T=0-1.

Sa far vi
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cos’36° =3 (1+c0s72°) =1 (1+-%) =1 (1+3(DP-D))=1(P+1) =1

hvoraf
c0s36° = 3P .
Videre er
sin®36°=1-c0s*36=1-1®* =1 (4-0*) =1 (4-0-1)=1(3-D) ,
hvoraf
Sin36°=33-® .
Dernzst far vi
€0s6° = c0s(36° - 30°) = c0s36°- c0s30° + sin36°-sin30°
=2 £ N “D 2 =2(0VB+43-)
2 2 4
sin24° = sin(60° - 36°) = sin60°- c0s36° - cos60° - sin36°
:i.g_l. V3 @ l(q)\/g_ﬂlg_q))_
2 2 2 4
Sa far vi

8-sin24°.c0s72°-cos6° = 8 ((D\/_—«/s (I)) > %(CD\/§+\/3 CD)

2
2 (307 - (3-®)) =4 (3(@+1) - (3- D)) = (4D) =1

3.metode (Palle Bak Petersen).
Vi far, at

€0S84° = 4.5in24°.¢c0s72°-cos78° <> sin6° =4-sin24°-sin18°-sinl12°.

Vi vil derfor undersgge ligningen

sinx = 4sin2x- sin3x- sin4x ,
0g Vise, at x = 6° er lgsning.
Ligningen er ensbetydende med, at

sinx = 4sin3x- (sin2x-sindx) < sinx = 4sin3x- 3 (cos(-2x) — cos6x)

& sinx = 2sin3x- (Cos2X — CoS6X) <> sinx = 2(3sinx — 4sin®x)(C0S2X — COSHX)
& 2(3-4sin®)(cos2x —cos6x) =1 <« 2(3-4- 3 (1 - cos2x))(cos2x — cosbx) = 1

< 2(1 +2c052x)(COS2X — COSBX) <> COS2X — COSBX + 2C0S%2X — 2C0S2X - COSBX = +

& C0S2X — C0S6X + 1 + cos4x — (cos(-4x) + cos8x)) = %
& -3 =C0S2X — COSBX + COS4X — COSAX — COSBX
& COS8X + COSBX — COS2X = § .

Vi skal altsa udregne tallet
k = c0s48° + c0s36° - cos12°.

Det er kendt fra det trigonometriske formelmaskineri, at

April 2020 10/13

Matematik




Opgavehjgrnet Redakter: Jens Carstensen

sinl8° = %(\/5—1) 0g C0s%18° = %(5+\/§) .

Vi far derefter
€0s48° - c0s12° = -2sin30°-sin18° = -sin18°

0g
cos36° = 2c0s218° - 1= %(5+5) - 1,
sa
k = -sin18° + c0s36° = —%(Jﬁ—l) + %(5+\/§) -1=1.,
e. Vis, at 1tan 40°+ tan10° + SN0 _ 140600
sin 40°

1. metode (Jens Sgren Andersen).
Vi bruger formlen

tanx - tany = M

COS X-COS Y

og far, at

1 o oy Sin(60°—40°)  sin20°
7 (tan 60° —tan 40%) = 2c0s60°-cos40°  cos40°

Vi omskriver formlen séledes:

1 o_ oy _ o, Sin10° o, Sin10° _ sin20°
5 (tan 60° —tan 40°) = tan10 tonae & tan10 + S 40° ~ oS 40°

<> sin40°-cos40°- 1 +5sin10°-c0s40° =sin 20°-sin 40°
tan 80°

< 1-sin80°- tan18O° +sin10°-cos 40° = 2sin10°- cos10°- cos50°

< €0s80°+2sin10°-cos40° =4sin10°-cos10°-cos50° . 1)
Nu er
4-c0s50°- c0s10° = 2(cos(50° + 10°) + cos(50° - 10°)) = 1 + 2c0s40°
sa ligningen (1) kan omskrives til
c0s80° + 2sin10°- cos40° = sinl10°- (1 + 2c0s40°)
< sinl10° + 2sin10°- cos40° = sin10°- (1 + 2c0s40°) ,
hvilket er sandt.

2. metode (Klaus Griinbaum).

Vi omskriver ligningen saledes:

sin10°
sin 40°
sin40° | sinl10° | sin10° \/5

1 tan40° + tan10° + = 1 tan60°

2cos40° + cos10° * sin40° 2

< sin%40°-cos10° + 2sin10°- cos40° - sin40° + 2sin10°- cos10°- cos40°
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= /3 -€0s10°-sin40°- cos40°
< sin?40°-sin80° + sin10°-sin80° + sin20°-sin50° = @sin80°-sin80°
& sind0°- 4 (cos(-40°) - c0s120°) + $ (cos(-70°) - cos90°) + $ (cos(-30°) - cos70°)
= £ . 1(1-cos160°)
< sin40°- (cos40° + 1) + cos70° + @ - c0s70° =
< sind40°-cos40° + $sin40° = §c0520°
< sin80° + sin40° = \/5 -€0s20° <« 2-sin60°-c0s20° = \/5 -€0s20° ,

hvilket er sandt.

N

3 4+ §c0320°

3. metode (Asger Olesen).
Vi far farst

et = an + 10 = AT

& tan50°- (1 - tan40°-tan10°) = tan40° + tan10°
< tan50° - tan50° - tan40° - tan10° = tan40° + tan10°
< tan50° = tan40° + tan10° + tan50° - tan40° - tan10°
< tan50° = tan40° + tan10° + cot40° - tan40° - tan10°
< tan50° = tan40° + tan10° + tan10°

< 3tand40° +tan10° = 4 tan50° .

Den formel, vi skal vise, er derfor ensbetydende med

1apEQe 4 SIN10° _ A3 o, 25in10° _
$1an50° + Zao =2 & tan50° + Lones J3.

Vi reducerer venstre side af lighedstegnet:

2sin10° 2sin10° _ cos40°+2sin10° _ cos40° +2cos80°

tan50°+ sin40° cot40®+ sin40° sin 40° sin 40°
_ (cos40° +c0s80°) +cos80° _ 2-cos60°-cos 20° +cos80° _ cos 20° + cos80°
sin 40° sin 40° sin 40°
_ 2-c0s50°-cos 30° _ cosSO"-«/g _ \/§-c0550° _ \/5
sin 40° sin40° cos50° '

hvilket er det gnskede.

4. metode.
Lad AABC vere en 30°-60°-90°-trekant, hvor C = 90°, A = 60° og B = 30°. Sa er ¢ = 2b. Punkterne
D og E ligger pa BC, sa
ZCAD =40°, /BAE = ZEAD =10°.
Vi seetter
x=CD ,y=DE , z=EB.
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| AACD er
X=Db-tan40° og AD=

cos40° °

| AADE giver sinusrelationen

y __AD
sin10° sin40° ’

hvoraf

y= sin40°  cos40°-sin 40° sin80° cos10°

_AD-sin10° _  b-sinl0°  _ 2b-sin10° _ 20-sin10° _ o tonqgo

kI AAEB giver sinusrelationen
zZ _ C __¢-sin10° _ 2b-sin10°

Sin10°  sin140° < 2T sin40° ~  sin40°
| AABC er a =b-tan60°, s vi nu far

2b-sin10°

a=x+y+z < b-tan60°=b-tan40°+2b-tan10°+ ==
sin40°

sin10°
sin40° ’

= %~tan 60° :%-tan 40° + tan10° +

hvilket er det gnskede.
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